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On the Analytic Theory of Circular Functions. 

By Alexander S. Chessin. 



1 . — Preliminaries. 

§1. It has become a usage with, authors of treatises on the Theory of Func- 
tions to introduce the reader to the theory of doubly periodic functions by first 
treating simply periodic functions. Unfortunately the similarity between simply 
and doubly periodic functions ceases to exist when the behavior of the function 
at infinity comes to be investigated. Indeed, while in the case of doubly periodic 
and, in particular, of elliptic functions we treat these functions in a primitive 
parallelogram situated in the finite portion of the plane, we have to consider, in 
the case of simply periodic and, in particular, of circular functions, the behavior 
of such functions at infinity, when the variable is restricted to remain within one of 
the primitive regions or bands into which the plane may be divided. It was the 
neglect of this important point in the theory of simply periodic functions that 
led M. Forsyth to some erroneous conclusions in his excellent treatise on the 
Theory of Functions.* M. Meray, in his " Lepons nouvelles sur l'Analyse infini- 
tesimale et ses applications geometriques,"f gives considerable attention to the 
point in question, which leads him to a classification of simply periodic functions 
into polarized and non-polarized functions. J However, the character and role of 
the polar values^ of a circular function have not yet been clearly set forth, and it 
is the object of the present paper to supply this deficiency. 

*See ch. X ; also the review of this treatise by Mr. W. F. Osgood in the Bull, of the Amer. Math. 
Soc, 2d series, vol. I, no. 6. 

tVol. II, ch. VII. 

J Op. cit. p. 370. These terms correspond to the terms circular and pseudo-circular used in this 
paper. 

§ Characteristic limits, in the present paper. 
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§2. Let/(z) be a uniform function admitting the single period a; then, by 
definition, 

/(« + no) =/(«), (1) 

n=± 1, ±2, ± 3, . .. . 

This equation holding only for integral values of n , the period a is primitive. 

By means of a simple linear substitution of the variable the function/ (z) 
can be transformed into another uniform function admitting an arbitrarily 
assigned period d. In fact, if we put 

«=",'; f(z)=Mz>) 

UJ 

we shall have 

f (rf + 6)') =f (Z>). 

In particular, if a be a complex number, we may put a' = j a | , so that the 
transformed function will admit a real period. 

§3. It will be shown presently that the entire plane of z may be divided 
into parallel bands in such a way that f{z) takes all its values in each band. 
This proposition, the analogous of which is almost obvious in the case of doubly 
periodic functions, requires special considerations on account of the fact that the 
bands into which the plane of z is divided extend to infinity. 

We will agree to say that two points z and z' are congruent to each other 

with respect to a if we have 

z = z' (mod. a) , 

adopting this notation from the theory of numbers. 

Let us draw any arbitrary line L which does not cut itself and extends to 
infinity, and let a point z describe this line ; then the points congruent to z will 
describe the system of lines 

• • • • X/_g , J-t—it X'o, x/jj Ju% t • • * • 
parallel to each other and to the line L, the line L k being described by the point 
z + ka, and the entire plane of z will be divided into parallel bands. Each band, 
i. e. the region contained between any two consecutive lines L k _ x and L k , will be 
called a primitive region of the function f{z). For the sake of convenience we 
will say that the band formed by the lines L k _ t , L k is the k th primitive region. 
To each primitive region belongs one of the two lines forming it. We will 
assume that to the k th primitive region belongs the line X ft _ 1 . 
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Let z be any point within a fixed primitive region, for instance the w th 
region ; all points congruent to z will lie within other primitive regions, namely 
the point z+Jca will lie in the (m + 7<;) th region. 

If z x be an ordinary point of f(z) , then all points congruent to z x are ordinary 
points of the function. In fact, in the neighborhood of the point z x we can develop 
f(z) in the form 

f(z)=G(z-z x ), (2) 

where G{z) denotes, as usually, an integral function. Let z 2 = z x (mod. a) and z' 
be any point in the neighborhood of the point z 2 , i.e. let 

' = * + ?; I£l<«. (3) 

Then by (1), 

/OO ==/(* + £) =/(«i+0. 

and by (2) and (3), 

' ' /& + £) = <?(£)= #(V-3 8 ), 

which proves the proposition. 

If the point z x were an isolated singular point of f(z) — and this is the only 
kind of singularity we need to consider for our purposes — we would have instead 
of formula (2) the following one : 

f(z) = G 1 (z-z l )+G 2 (^y (4) 

Again, by (1), 

/OO=/(«i + 0. 
and by (4) and (3), 

/(%+ a = ^(o + 0.(-f) = <?!(*'-%) + & »(jh$ - 

i. e. the function /(g) has at the points z % exactly the same singularity as at the 
point z x . 

In a similar way it is readily shown that if z x be a vanishing point of the 
order % for f{z), all points congruent to z x are vanishing points of the same 
order for this function. 

It follows from the preceding remarks that the function / (z) assumes in the 
finite portion of a primitive region all the values which it assumes in the finite 
portion of the entire plane, and that f(z) is completely defined in the finite 
portion of the plane if it be defined in the finite portion of a primitive region. 
But it would be wrong to conclude without further investigation that f{z) is 
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completely defined in the entire plane if it be completely defined in a primitive 
region. It remains therefore to investigate the behavior of f(z) at infinity, and 
to find out whether with regard to the infinity point also the function is charac- 
terized by its behavior at infinity while z remains within a primitive region. 

§4. Theorem I. — The function f(z) has an essentially singular point at infinity. 
This follows immediately from equation (1) . In fact, if we put in it n = <x> 
we obtain 

/(•)=/(■). 

i. e., the function assumes any arbitrarily assigned value at infinity, and the 
point a = co ig therefore an essentially singular point of the function. 

Theorem II. — If the function f(z) has an essentially singular point other than 
the point z = co , then it has an infinite number of essentially singular points. 

For if s a be an essentially singular point of f(z) and z x =£ co, then all points 
congruent to % are essentially singular points of the function (§3). 

We will be concerned in this paper only with functions / (a) having no other 
essentially singular point than the point z= oo. Under this restriction f(z) can 
have only isolated poles in the finite portion of a primitive region. In fact we 
know that whenever an infinite accumulation of poles takes place at a point, 
this point is an essentially singular point of the function. An infinite accumu- 
lation of poles may therefore take place only at infinity. This does not exclude 
the possibility of an infinite number of poles in a primitive region, provided 
there be only a finite number of them in the finite portion of such a region. 

Let then /(a) be a function as here defined. We can enunciate with regard 
to this function the following two propositions : 

Theorem III. — If the function f (z) has no pole in a primitive region, then it is 
an integral transcendental function, i. e. 

/(a) =G (a). 

Theorem IV. — If the function /(a) has a finite number of poles in a primitive 
region or an infinite number of them, provided there be only a. finite number of poles 
in the finite portion of the region, then f(z) is the quotient of two integral func- 
tions, i. e. 

fu)=<hM. 
f[z) -a,(z)- 
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These two theorems are an immediate consequence of Weierstrass's theory. 
With regard to the second theorem, it must be observed that one or the other of 
the functions G x (z) , 6r 2 (z) may reduce to a constant, but if not constant they 
must be transcendental integral functions,- because if f{z) has a vanishing point 
or a pole in a primitive region, it will necessarily have an infinite number of 
vanishing points or poles in the whole plane (§3). 

§5. Let f(z) be again a function as defined in the preceding paragraph, and 
suppose that we restrict the variable to remain within a fixed primitive region of 
the function. If then we let z tend to infinity and at the same time fix the 
direction of motion by one of the two arrows of the figure, the path of z being 



.(2) 0), ^ 

otherwise perfectly arbitrary, three possibilities arise: either f(z) tends to a 
finite and determinate limit, or it tends to become infinite in a determinate 
way, or, finally, it becomes indeterminate. It will be shown later (§10) that if 
one of the enumerated possibilities takes place in one of the primitive regions, it 
will take place also in every other primitive region. It will be shown, moreover, 
that if one of the first two cases occurs for one of the directions indicated by the 
arrows, the same will be true for the other direction. Finally, it will be shown 
that this property is independent of the choice of the line L. 

Functions / (a) , for which the first two of the enumerated cases take place, 
form a class by themselves and will be called circular functions in distinction 
from the functions for which the third of the enumerated cases takes place, and 
which will be called pseudo-circular functions. 

Theorem. — A circular function can have only a finite number of poles in a 
primitive region. 

Suppose first that lim/(2) is finite and determinate when the variable 

2=CO 

remains in a primitive region and tends to infinity in the direction indicated by 
one of the two arrows of the figure. Let N be this limit. Then we are able to 
assign a neighborhood of the point z = o° within the primitive region such that 
within this neighborhood f(z) differs arbitrarily little from N. Now if f (z) had 
an infinite number of poles in a primitive region, these would form an infinite 
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accumulation at z = oo (§4), and it would be impossible to assign any neighbor- 
hood of z = 00 in the primitive region such that in this neighborhood f{z) differ 
arbitrarily little from N. 

Suppose on the other hand that / (2) tends to infinity in a determinate way 
when z tends to infinity in the described manner. Then we are able to assign 
a neighborhood of the point z = 00 within the primitive region such that within 
this neighborhood f(z) have arbitrarily great but finite values. This again would 
be impossible if/(z) had an infinite number of poles in a primitive region. 

Remark. — It will prove convenient to combine the two cases, namely, the 
case when lim /(a) is finite and determinate, and the case when f{z) tends to 

2=00 

infinity in a determinate way, under the same category of functions having a 
determinate limit when z tends to infinity in the manner described above. We 
will therefore agree that, unless explicitly expressed {finite and determinate), 
lim f(z) may be infinite when we say that it has a determinate limit. It will, 

however, be remembered that this is only a convenient mode of expressing that 
f(z) may tend to infinity in a determinate way. 

2. — Behavior of Circular Functions at Infinity. 

§6. Let us consider a circular function having a real period ft. We will 
choose for the line L the axis of y, and we will assume that lim /(a) has a deter- 

£=00 

minate value when z = x + iy tends to infinity while remaining in the first 
primitive region, the direction of motion being in this case indicated by the sign 
of y. We will denote the limits of/ (2) by f and / 2 according as «/>0 or y<C,0 . 
These values may be infinite* Let us next draw any arbitrary line A extend- 
ing to infinity. The angle formed by the direction of the motion of a point z 
on this line and the positive axis of y, is a function of 2, which we will denote 
by "k (z) . As the point z moving on the line A tends to infinity, the function 
l(z) may tend to a determinate limit, which we will denote by %( 00 ), or it may 
become indeterminate. 

Theorem I. — Ifh(z) tends to a determinate limit X ( 00) =fz _— , when z tends to 

* See Remark, §5. 
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infinity along the line A, then lim f{z) =/i or f 2 , according as %,( oo ) < -— or 

Let 2 = x + iy be a point on the line A and z = x + *Vo i* s congruent in 
the first primitive region. Then 

x = sc (mod. fi) ; # = «/<,, 
/(2) = /(»o + *2/)- 
Let a tend to infinity along the line A . Then x will remain within the limits 

0<a; <n, 
and Xq + iy will remain within the first primitive region. Hence 

lim / (z) = lim / (x -f iy) =f x or / 2 , 

according as y = + oo or — oo, i. e. according as % ( oo )<;__ or > — - , which 
proves the proposition. 

Remark. — Theorem I still holds for X ( oo ) = — - provided x and y both tend 
to infinity with z. The value of lim/(2) in this case will be / x or / s according as 

Z=oo 

a, (z) remains from a certain place on < ~ or > ~ as s tends to infinity along 
the line A . 

Theorem II. — T/X(z) tends to the determinate limit X ( oo) = — , but y does 
not become infinite with z , then lim f (z) becomes indeterminate as z tends to infinity 

2=00 

along A . 

In this case the line A has an asymptote parallel to the axis of #.* Let a 
be its distance from this axis. Then it is clear that as z tends to infinity along 
the line A , x will again remain within the limits 

0<x <O., 

while y will tend (or be equal) to the value a, so that 

lim. f (z) = f (x + ia), 



*0r A may simply become parallel to the axis of x. 
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where x may have any value between and £1. Therefore lim/(z) may have 

Z =<x> 

any value among those which f(z) assumes on the line y = a within the first 
primitive region, i. e. lim/(2j) is indeterminate, which proves the theorem. 

Z =00 

We can of course imagine that z tends to infinity not along a continuous 
line, but by jumps from point to point. In this case it is no more possible to 
speak of an angle between the direction of the motion of the point z and the 
positive axis of y. But it is always possible to draw a line A such that the 
moving point will remain on this line, and as the preceding theorems are inde- 
pendent of the way in which the point z may move on the line A , it is clear that 
they still remain true. The function X (z) will depend on the manner in which 
the line A is drawn through the points passed by the moving point, but % ( oo ) 
will be the same (if determinate) for all such lines A, because they will all be 
tangent to each other at the point z = oo . 

Heretofore we have assumed that % ( oo ) had a determinate value. It remains 
to examine such paths A for which % ( oo ) is indeterminate. It is clear that all 
such paths may be divided into two classes. The paths of the first class are such 
that as z tends to infinity along one of them X (z) may assume any value between 

and 71 except the value — . In this case lim f(z) will oscillate indefinitely 

2 2=0° 

between the values f and f . The paths of the second class are characterized by 
the fact that as z tends to infinity along one of them % (z) may among other valves 

assume the value — - . 

Theorem III. — Whatever be the path along which z tends to infinity, the value 
of lim /(:>;) will be either f or f or one of the values which f (z) assumes in the finite 

2 = oo 

portion of the first primitive region. 

In fact if Jl ( oo ) has a determinate value, if this value be =f= — — we have 

seen that lim f{z) =.f 1 ovf i . If X ( oo ) = — _ , the value of lim f(z) is any one of 

Z=oo Ji 2 = 00 

the values of f(z) on a line parallel to the axis of x within the first primitive 
region, i. e. one of the values which/ (2) assumes in the finite portion of the first 
primitive region. 
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If a ( oo ) is indeterminate but =f= ~ t W e have seen that lim/(z) can have 

only the values/! and/ 2 , and if X ( go ) is entirely indeterminate, lim/(^) cannot 

only have the values f x and / 2 but also any value among those which / (z) assumes 
on a line parallel to the axis of x within the first primitive region, i. e. lim / (z) 

can have besides f x and f any value of f(z) in the finite portion of the first 
primitive region, q. e. d. 

§7. We have assumed at the beginning of the preceding paragraph that the 
circular function f(z) with the real period fl has a determinate limit when z tends 
to infinity in any manner within the first primitive region, provided the sign of 
y in 2 = x + iy be ultimately the same,* and we have called this limit f x or/ 2 
according as the sign of y is positive or negative. Let us now see how the func- 
tion behaves at infinity in any other primitive region. 

Suppose z be restricted to remain within the Je th primitive region, and let z tend 
to infinity in such a way that y have ultimately a fixed sign. Then it is clear 
that we can apply Theorem I of the preceding paragraph. In fact in this case 
a,(o>)=:0or7i according as y becomes ultimately positive or negative. In the 
first case lim/(z) =f x , in the second lim/(z) =/ 2 . Hence this 

.5=00 Z = oo 

Theorem I. — If a function f (z) with a real period tends to a determinate limit 
when z tends' to infinity while remaining in a fixed primitive region in such a way 
that y have ultimately a determinate sign, then the function will tend to the same limit 
when z tends to infinity while remaining in any other primitive region and the sign of 
y being ultimately the same as in the first case. 

Now that we have seen that lim /(a) has the same value in every one of the 

2=00 

primitive regions, it remains to find whether this property is independent of the 
manner in which the plane of z has been divided into primitive regions. Let 
therefore L be any line which does not cut itself and extends to infinity, and 
which has no asymptote parallel to the axis of x or which does not ultimately coincide 
with a line parallel to this axis. If z be restricted to remain within a fixed primi- 

* This condition which here replaces the necessity of choosing one of the two arrows on the fig. of 
§5 is necessary, for otherwise/ (a) would oscillate indefinitely between the values fj, and/ 2 as z tends to 
infinity. 

31 
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tive region in this new division of the plane, it is clear that we can again apply 
Theorem I of the preceding § , and we shall have 

l™/(z)=/ior/ l 

Z =00 

according as y becomes ultimately positive or negative. Hence this result : 

The preceding theorem remains true whatever be the manner in which the plane 
has been divided into primitive regions. 

It will be convenient for the future developments to fix a positive direction 
of the line L. In the present case (i. e. when the period of f(z) is real) we will 
agree to take as positive that direction of the line L which at infinity forms an 
acute angle with the positive axis of?/. We will also agree to say that a tends to 
infinity in the positive (resp. negative) direction, if the direction of its motion forms 
ultimately an acute (resp. obtuse) angle with the positive direction of the line L. It 
is clear that if a remains within a fixed primitive region, the limit of this angle 
is (resp. n). 

With these new definitions we can enunciate Theorem I in a more general 
form as follows : 

Theorem II. — If a function f (a) with a real period tends to a determinate limit 
when z tends to infinity in a positive (resp. negative) direction while remaining in a 
fixed primitive region for a fixed division of the plane, then the function /(a) will 
tend to the same limit within every one of the primitive regions, as well for the 
given as for any other division of the plane, provided z tend to infinity always in 
the positive (resp. negative) direction. 

§8. The preceding discussion shows that with every circular function having 
a real* period are connected two fixed numbers f and f 2 f which are inasmuch 
characteristic for the function that they are independent of the manner in which 
the plane is divided into primitive regions, and that they are obtained as the 
limiting values of the function when the variable tends to infinity along any 
path having a determinate direction (as defined above), this limiting value being 
/i or/ 2 according as the variable tends to infinity in the positive or negative 



* We shall see later that this restriction of the period is not necessary. 

t These numbers may be equal to each other. One or both of them may also be infinite. (See 
Remark at the end of §5.) 
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direction. We will therefore call these numbers f and/ a the characteristic limits 
at infinity, or shorter, the characteristic limits of the circular function f \z) . 

From Theorem III. §6, and Theorem II, §7, follows an important result, 
namely : The function f (z) whose period is real, assumes in a primitive region every 
assignable value. 

In fact, by Theorem III, §6, whatever be the path of z, the value of lim/(2j) 

will be either /i or/ 3 or any one of the values which /(a) assumes in the finite 
portion of a fixed primitive region for a fixed division of the plane. By Theo- 
rem II, §7, the values f and/ 2 are the limits of f{z) for z = <*> also in any other 
primitive region and independently of the manner in which the plane is divided 
into parallel bands. We know on the other hand that all the values assumed 
by f{z) in the finite portion of the entire plane are also assumed by the function 
in the finite portion of any one of its primitive regions, independently of the 
division of the plane (§3). Hence all the values of lim/(a) are those which /(a) 

assumes in a primitive region, the numbers f and / a , i. e. the values of f{z) at 
infinity in the primitive region included. But we know that at the point z = <», 
which is an essentially singular point of/ (a), the function assumes every assign- 
able value; hence f(z) assumes every assignable value in a primitive region. 
Q. E. D. 

If we recall the manner in which the several values of Km f{z) are obtained, 

we will notice that all the values except possibly f and / 8 can be obtained by 
making z tend to infinity along lines having asymptotes parallel to the axis of x , 
and the distances of these asymptotes from the axis of x assuming every possible 
negative or positive value. The simplest manner of drawing these lines is to 
take them parallel to the axis of as. We can therefore say that 

Every assignable value except possibly the characteristic limits of a circular 
function having a real period, can be obtained for limf{z) by maMng z tend to 

£=oo 

infinity along a line parallel to the axis of x . 

We shall see later (§10), that in the general case we only need to substi- 
tute for the axis of x the line forming with it the angle arg (w) , o being the 
period of the function. 

§9. When we defined the function /(z) in §6 we assumed that lim/(z) had 

2=00 

a determinate value for either of the two directions in which z may tend to 
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infinity in a primitive region. The question naturally presents itself: is it neces- 
sary to assume that lim/(s) is determinate for either direction, or does it suffice 

to obtain a determinate limit for only one direction to assure the determinate- 
ness of the limit for the other ? 

Theorem. — If a function f (z) having a real period tends to a determinate limit 
when z tends to infinity in the positive direction while remaining in a primitive 
region, then the function will also tend to a determinate limit when z tends to infinity 
in the negative direction. 

In fact, suppose that the function tends to a determinate limit when z tends 
to infinity along a given fixed path A in the positive direction. To this path we 
can correlate another A' symmetrical with respect to the axis of x. Two corre- 
lated points on A and A' are then x + iy and x — iy . Now, we can always give 
to the function / (2) the form 

f(z)=U(z) + iV(z), (5) 

where U(z) and V(z) are real functions of the variable z as long as z is real. 
Li the same time we may put 

U(z)=U 1 (x,y) + iU 2 (x,y),\ ,. 

V(*)=V l {x,y) + iV t (x,y),) K } 
so that if 

f(z) = [0i (x, y) - Y % (x, y)-] + i[U 2 (x, y) + V, (x, y)] (7) 

gives the value of the function for a point (x , y) of A , the value of the function 
for the correlated point on A' will be 

f(z)=\_U l {x,y)+V i {x,y)-\+i[-TJ % {x,y) + V 1 {x,y)-\. (8) 

A simple glance at the expressions (7) and (8) shows that if one of them tends 
to a determinate limit when z tends to infinity, the other will also tend to a 
determinate limit. 

Now if along A z tends to infinity in the positive direction, it is clear that 
along A' it tends to infinity in the negative direction. But as lim/(z) is deter- 

Z =00 

minate when z tends to infinity in the positive direction while remaining in a 
primitive region, lim f(z) will have a determinate value whatever be the path 
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A along which z tends to infinity* in the positive direction (Theor. II, §7). 
Hence lim/(a) will have a determinate value whatever be the path A' along which 

z tends to infinity* in the negative direction. Q. e. d. 

Remark. — It is obvious that the functions U{z) and V(z) are simply periodic 
and have the same period as f(z). Moreover lim U(z) and lim V(z) have a 

21 = 00 2=co 

determinate value when z tends to infinity in the manner described above. 
Hence U(z) and V(z) are circular functions like/(z). 

Corollary I. — We can determine the characteristic limits of a circular func- 
tion f(z) = U(z) + iV(z) having a real period if we know one of the characteristic 
limits for each of the functions U(z) and V(z), provided these be not both infinite. 

In fact suppose, to fix the ideas, that we know the characteristic limit of 
U(z) when z tends to infinity in the positive direction, and let it be u' + iu" ; 
also the characteristic limit of V(z) for instance when z tends to infinity in the 
negative direction, and let it be v 1 + iv". Then, by formulas (6), 

u' = lim £7i ; u" = lim U z , 

v 1 = lim Vx ; v" = — lim V % , 

and therefore by (7) and (8), 

f 1 =vf + rf' + i( u" +OJ () 

f = u' — v" + i(—u" +v>).) K } 

If only one of the numbers u' + iu" or v' + iv" be infinite, the corollary still 
holds. In fact then/ x =/ 2 = a>, and the proposition is thus proved. 

Remark. — If both u' + iu" and v' + iv" were infinite, it would be necessary 
to go back to the expressions (7) and (8) and then make z tend to infinity in 
order to obtain the limits f and/ 2 . 

Corollary II. — If the characteristic limits f andf 2 of a circular function hav- 
ing a real period are finite, then the condition necessary and sufficient in order that 
f x =/ 3 is that the characteristic limits of the functions U (z) and V(z) be real. 

This follows immediately from formulas (9), which give the condition 

v" = u" = 0. 

* Always excluding such lines as tend to become parallel to the axis of as at infinity. 
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The discussion of this paragraph shows that the propositions advanced when 
defining circular functions in §5 are true at least in the case of a real period. It 
will be shown presently that they are always true. 

§10. Heretofore it has been assumed that the period of the circular function 
was real (§6). But we can at once extend our results to the general case when 
the period o of/ (2:) is any complex number if we make use of the linear substi- 
tution mentioned in §2. In fact, we put again 

and then F(z') is a circular function admitting the real period XI. We may 
therefore apply the results of §§6-9 to the function F{z'). It will be noticed 
that the positive axis of as' forms the angle % = arg (o>) with the positive axis 
ofx. Positive angles will be counted in the direction indicated by the arrow 
on the figure. The line x/x" will be called the line of periodicity of the function 




f(z), and the direction Ox' the positive direction of the line of periodicity. We 
will also agree to call the direction 0y' the normal to the line of periodicity. 

With these definitions it becomes clear that we only need to substitute the 
line of periodicity for the axis of x in the results of §§6-9 to make them valid 
in the general case, i. e. when the period of/ (2) is any complex number. 

The function X (z) used in §§6 and 7 will now be the angle between the 
direction of the motion of z when it tends to infinity along a line A, and the 
normal to the line of periodicity. The enunciation of the three theorems of §6 
need not be changed. 

Coming to §7 it is necessary first to agree as to the terms " positive direction 
of L" and "z tends to infinity in the positive direction." The positive direction 
of L will be that which at infinity forms an acute angle with the normal to the 
line of periodicity ; and we will say that z tends to infinity in the positive (resp. 
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negative) direction if the direction of its motion ultimately forms an acute (resp. 
obtuse) angle with the positive direction of the line L. It will be assumed that 
the line L has no asymptotes parallel to the line of periodicity (or that it does 
not ultimately coincide with a line parallel to it). 

"With these more general definitions we can at once extend Theorem II §7 to 
functions /(a) with a complex period a. As to Theorem I, it is only another 
form of the same proposition. The results of §8, namely, the existence of two 
characteristic limits, and the proposition that a circular function assumes every 
assignable value in a primitive region, are immediately extended to any circular 
function. As to the last proposition of §8 it will now be formulated as follows: 

Every assignable value except possibly the characteristic limits of a circular 
function f(z) can be obtained for lim/(z) by making z tend to infinity along a line 

0=00 

parallel to the line of periodicity. 

The Theorem of §9 obviously holds for any circular function ; to formulate 
it for the general case again we only need to substitute the line of periodicity for 
the axis of x. As to the corollaries to this theorem, they evidently hold only for 
circular functions with a real period. However they may still be used with 
advantage. In fact the characteristic limits of the functions/ (z) and F(z!) being 
identical, we may by applying these corollaries to the function F (z 7 ), either deter- 
mine the characteristic limits of/ (z) (Cor. I) or decide whether these limits are 
equal (Cor. II). 

It follows from the preceding discussion that the propositions advanced when 
defining circular functions in §5 are true. This definition may therefore be 
formulated as follows : 

Definition. — A circular function is a uniform simply periodic function with 
no other essentially singular point than the point z = oo and such that lim f{z) has 

a determinate value when z tends to infinity in a fixed direction while remaining in 
a primitive region. 

A function so defined tends to a determinate limit when z tends to infinity 
along any fixed path in a fixed direction ; moreover it possesses two character- 
istic limits which may be equal. 

It also follows from the preceding discussion that a pseudo-circular function 
cannot tend to a determinate limit when z tends to infinity while remaining 
within a primitive region, whatever be the division of the plane, i. e. whatever be 
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the line L. But a pseudo-circular function may tend to a determinate limit 
when a tends to infinity along some particular paths within a primitive region. 
For example, the function e sln * tends to zero when z tends to infinity along 

parallels to the axis of y at the distances (An + 3) — where w = , ± 1 , ±2, ... 

As another example of a pseudo-circular function may be mentioned Her- 
mite's function Z(z)-, its derivative is an elliptic function. The function Z(z) 
tends to no determinate value when z tends to infinity remaining in a primitive 
region, whatever be the path chosen. 

It would be interesting to investigate more closely the character of this 
distinction of pseudo-circular functions, but this paper is restricted to the study 
of circular functions alone. 

§11. Theorem. — A circular function which is finite everywhere in a primitive 
region is a constant. 

In fact suppose that the function /(g) is finite in the finite portion of a primi- 
tive region and that its characteristic limits / x and f % are also finite. All the 
values of f(z) at infinity except perhaps the values f and/ 2 can be obtained by 
making z tend to infinity along lines parallel to the line of periodicity (§10). 
But f(z) being finite everywhere in a primitive region, the values of f{z) at 
infinity so obtained are necessarily also finite; hence all the values of f(z) at 
infinity are finite, i.e. the function is holomorphic in the entire plane of z, and 
therefore it reduces to a constant. 

Corollary I. — A circular function becomes infinite at least once within a prim- 
itive region. 

The function may have one or more poles in a primitive region or one or 
both of its characteristic limits may be infinite. If f(z) has no pole in a primi- 
tive region, then at least one of its characteristic limits is infinite. If both its 
characteristic limits are finite, /(z) has at least one pole in a primitive region. 

Corollary II. — A circular function f (z) assumes every assignable value at least 
once in a primitive region. 

This follows at once from the preceding Corollary if we consider the circular 
function 

1_ 

f(z)~A' 

where A is any arbitrarily assigned number. 



Chessin: On the Analytic Theory of Circular Functions. 233 

§12. Picard's theorem.. 

If we recollect how the different values of f(z) at infinity may be obtained, 
we see that there will be an infinite number of points in the neighborhood of the 
point z = oo, at which the function assumes any arbitrarily assigned value except 
perhaps the values of the characteristic limits: /j and f 2 . In fact all other 
values may be obtained by making z tend to infinity along lines parallel to the 
line of periodicity (§10), and each one of these values will repeat itself an 
infinite number of times as z tends to infinity. We thus obtain Picard's theorem* 
for the particular case of circular functions in the following form : 

In the neighborhood of the essentially singular point of a circular function there 
is an infinite number of points at which the function assumes any arbitrarily assigned 
value except possibly one or two values. 

We may add that — 
these exceptional values are the characteristic limits of the circular function, and that 
there will be one or two exceptional values according as the characteristic limits are 
or are not equal. 

We may furthermore add that — 
all values of lim/(z) other than f and f may be obtained by making z tend to 

Z = 00 

infinity along lines parallel to the line of periodicity, and that the values f and f % 
will or will not be exceptional according as the function does not or does assume these 
values in the finite portion of a primitive region ; and finally, that either the function 
assumes the values f and f % at an infinite number of points in the neighborhood of 
the point z = oo , or it assumes them only at the point z = oo itself. 

§13. We are able now to answer the question formulated at the end of §3, 
namely, in the affirmative sense : with regard to the point z = oo as with regard 
to any other point a circular function is characterized by its behavior in a primi- 
tive region, and we can enunciate the following fundamental 

Theorem. — A circular function is defined in the entire plane if it is defined in a 
primitive region. 

This theorem is independent of the manner in which the plane is divided 
into parallel bands. 

We may therefore restrict our investigation to the study of circular func- 
tions in a primitive region. 

*"Metaoire sur les Ponctions entieres," An. de l'Ecole Noroiale, 1880. 
32 
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3. — Study of Circular Functions within a Primitive Region. 

§14. Theorem I. — If two circular functions f(z) and $(z) admitting the same 
period o and whose characteristic limits at infinity are finite and =f= have the same 
vanishing points and poles with the same respective orders of multiplicity in a primi- 
tive region, then 

f(z)=C<p(z). 

In fact the function £-±4 is a circular function which becomes infinite nowhere in 
a primitive region, and therefore reduces to a constant (§11). 

Theorem II (generalization of the preceding theorem). — If two circular func- 
tions f(z) and <p(z) admitting the same period a have the same vanishing points and 

poles with the same respective orders of multiplicity in a primitive region, and if at 

/ („\ 
the same time the characteristic limits at infinity of the circular function - , { are 

finite and =f= , then /(a) = C<p (z) . 

In fact *-j-l is again finite everywhere in a primitive region and therefore 

reduces to a constant. 

Theorem III. — If two circular functions admitting the same period and whose 
characteristic limits at infinity are finite, have the same poles with the same respective 
orders of multiplicity in a primitive region ; moreover, if /3 4 being any one of these 

poles and fa its order of multiplicity, the coefficients of the different powers of — — -* 

z — pi 

in the developments of the two functions in the neighborhood of the point /? ( be respec- 
tively the same, then 

/(«) = *(«)+ a. 

In fact the circular function f(z) — $ (z) is finite throughout a primitive region, 
and therefore reduces to a constant. 

This theorem may also be generalized as follows : 

Theorem IV. — If two circular functions admitting the same period have the 
same poles with the same respective orders of multiplicity in a primitive region; 
moreover, if @ t being any one of these poles and fa its order of multiplicity, the coeffi- 
cients of the different powers of ■=- in the developments of the two functions in the 

z — pi 
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neighborhood of the point /? t be respectively the same ; and if at the same time the 
characteristic limits of the circular function f (z) — ty (z) be finite, then 

/(■) = ♦ (■) + 0. 

The demonstration is again based on the fact that the circular function 
f{z) — <p (z) is finite throughout a primitive region. 

§15. Theorem. — A circular function f(z) takes every assignable value except 
possibly f and f 2 the same number of times in a primitive region. In particular it 
vanishes as many times as it becomes infinite in a primitive region, except possibly 
when f x or f % are or o° . 

We will assume at first that the characteristic limits of the function are 
finite and =f= • The line L being drawn arbitrarily, we can assume that it 
passes through no pole or vanishing point of the function. Then none of the 
lines L K will pass through a pole or vanishing point of the function. 









T 




—-y — A 


a 




* 4 



On the other hand, as f and f % are finite and ^b , we may choose two 
points a and b on the line L IC _ 1 in such a manner that all those points of the x th 
primitive region which are poles (/3j) or vanishing points (a 4 )of/(z) will lie 
inside of the curvilinear parallelogram (abb'a 1 ). 

Consider the integral 

i/dlg/W do) 

taken along the boundary of this parallelogram. The path of integration may 
be broken up into four parts : 1) from a to b ; 2) from b to V ; 3) from b' to a' ; 
4) from a' to a. It is obvious that the first and the third of these integrals 
cancel each other, since the function has the same value at congruent points. 
As to the remaining two integrals, each one vanishes separately. In fact 

jT + dlg/(«) = lg/(6 + o) - lg/(6) = 0, 
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because we know that this integral is single-valued as long as the path of integra- 
tion does not cross any of the lines a^ connecting the poles and vanishing 
points of /(a) . For a similar reason 

/ a di g /( z ) = o, 

and therefore the integral (10) vanishes. But we know that this integral is 
equal to the difference between the number of times n that/ (2) vanishes and the 
number of times m that it becomes infinite inside of the curvilinear parallelo- 
gram (abb'a'). Hence m = n, and as /(a) neither vanishes nor becomes infinite 
in the remaining portion of the primitive region, the theorem is partly proved. 
To complete the proof, consider the circular function 

where N is any arbitrarily assigned number other than f x and / 2 . Then we can 
apply to the function $ (a) the proposition just proved, namely, $ (a) vanishes as 
many times as it becomes infinite in a primitive region. But $ (a) and /(a) 
become infinite the same number of times (n) in a primitive region. Hence 
/(a) assumes the value iValso exactly n times in a primitive region, q. e. d. 

Suppose now that one or both of the characteristic limits of/ (a) may be 
or oo. Consider in this case the circular function 



f ® = a -+7W+b' 



where A and B are any fixed numbers 3= satisfying the condition AB + 1 :£ . 
Then the characteristic limits F 1 and F % of the function F(z) are finite and :£ . 
It has been just proved that F(z) assumes any arbitrarily assigned value except 
possibly F t and F 2 the same number of times in a primitive region. Hence the 
circular function /(a) assumes any arbitrarily assigned value, except possibly 
/ and f % the same number of times in a primitive region. Q. e. d. 

The number of times that a circular function /(a) assumes in a primitive 
region any arbitrarily assigned value except possibly / and f % is therefore a con- 
stant. This constant will be called the order of the circular function. 

§16. Let (a) be a circular function of the first order admitting the period a, 
and let this function be finite and =j= in the finite portion of a primitive region. 
Then one of its characteristic limits is 00 and the other is . The existence of 
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such functions can be established a priori. In fact such is, for example, the 
function 

1+ T + ll + -"- + |r + ---" (11) 

which is denoted by the symbol e* and whose period is 2ni .* The existence of 
this function will be proved also a posteriori in §29. 

Let f(z) be any other circular function of the first order admitting the 
period J. We can always choose two numbers A and B such that the charac- 
teristic limits of the circular function of the first order 

be finite and =£0. In fact, we only need to satisfy the conditions 

I— /i A l-/. 

Then the function F(z) has a pole and a vanishing point both of the first order 
in a primitive region. Let a be the vanishing point and /3 the pole in the same 
primitive region. We can by means of the function 6 (z) construct a circular 
function of the first order having the period a', whose characteristic limits are 
finite and whose vanishing point and pole in a primitive region are respectively 
a and /3 . In fact, such is the function 

e(z)= w J w ; . (is) 



Hence, by Theorem I, §14, 
and therefore 



F(z) = CS(z), 



/{Z)== if* \± ' (14) 



* That all the properties of the exponential function can be derived directly from its definition by 
the infinite series (11) is shown in most of the modern text-books on the elements of the Theory of Func- 
tions. See, for example, Moray, op. cit. II, p. 207. 
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in which we have put 

m = 1 + AB — BG, 
n=BCd(jLa)-(l+AB)e(^r(3), 
p = C — A, 

Formula (14) expresses the following 

Theorem I. — Every circular function of the first order can he expressed as a 
linear fractional function of a given circular function of the first order, which is 
finite and =£ in the finite portion of a primitive region. 

More generally we have the 

Theorem TL.— -Every circular function of the first order can be expressed as a 
linear fractional function of any other circular function of the first order. 

In fact, if <|> (z) were a given circular function of the first order with the 
period o", we would have by formula (14) 

/ „ m'd(-^z)+n' 

p'd^z)+q' 

and the elimination of df^-zj between the last equation and (14) gives an 
expression of the form 

f( e ) = W / 

which proves the theorem. 

If we put (z) = e" formula (14) takes the particular form 

/(.) = «5^. <«) 

pe"' + q 

Corollary. — All circular functions of the first, order which remain finite and 
zfzO in the finite portion of a primitive region have the form 

Ce k *. 
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In fact, let f(z) be a circular function of the first order which remains finite in 
the finite portion of a primitive region. Then its characteristic limits are 
and oo. Formula (15) shows that in this case either m=. q= or n = p = , 
so that/(z) has one of the two forms 

— e w or — e M , 
which proves the proposition. 

§17. Formula (14) shows that 

The characteristic limits at infinity of a circular function of the first order are 
different from any of the values of the function in the finite portion of a primitive 
region. It also shows that the two characteristic limits of such a function are 
different. 

Picard's theorem (§12) in this case reads as follows : in the neighborhood of 
the essentially singular point of a circular function of the first order / (a) there 
is an infinite number of points at which the function assumes any arbitrarily 
assigned value except the two values f x and / 2 , which are different and which 
the function assumes only at the point z = oo itself. 

§18. "We will use the exponential function to derive a criterion for the 
manner in which a circular function tends to its characteristic limits. We will 

denote the function e- by the symbol u a , and we will say that the positive 
direction of the line L is that for which lim u m = 0. This is in accordance with 

Z=tx 

the former definition of the positive direction of the line L (§10). 

Let now/(z) be a circular function with the period a, whose characteristic 
limit in the negative direction is infinite. If a positive integer n can be found 
such that 

when z tends to infinity in the negative direction, we will say that the character- 
istic limit of the function f(z) is an exponential infinity of the n th order. If the 
characteristic limit of / (z) in the positive direction is infinite and a positive 
integer n can be found such that 

lim [</(«)] =X\±1, (16) 
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when z tends to infinity in the positive direction, we will say again that the char- 
acteristic limit o/f(z) is an exponential infinity of the n th order. 

If the characteristic limit of f(z) is zero, we will say that it is an exponential 
zero of the n th order if a positive integer n can be found such that 

according as we deal with a characteristic limit of f(z) in the negative or in the 
positive direction. 

More generally, if a characteristic limit of f(z) is the number A, we will 
say that the function / (z) assumes at this limit the value A exponentially n times if 
a positive integer n can be found such that 

]im[<(f(z)-A)] = N^l, ( 18 ) 

° r that lim [f(*)- A l = N \ f ° , (18)' 

according as we deal with a characteristic limit off (z) in the negative or in the posi- 
tive direction. 

These definitions are in perfect harmony with the ordinary definitions of 
vanishing points and poles. In fact, if the function f(z) has a vanishing point a 
of the order ^ora pole (3 of the order (i , it is clear that in the first case 

and in the second case 



lim[(^-^/( Z )] = ^{^ 



These ordinary definitions fail at the point z — <». But they may be extended 
to this point, provided the variable be restricted to approach it in a certain 
manner only, namely, along any path which does not tend to become parallel to 
the line of periodicity at infinity. 

This restriction being imposed only on the point z = <*> , it is clear that we 
can omit the word "exponentially" when we speak of f(z) assuming a certain 
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value at one of its characteristic limits. Indeed, the specification of the place at 
which /(a) assumes this value, namely, the words "at the characteristic limits," 
implies that the variable is restricted to remain within a primitive region. Like- 
wise we may omit the word "exponential" when speaking of the zeros and the 
infinities of the function /(s) if we specify how many of them are situated at the 
characteristic limits. For instance, if we say that f(z) has n infinities in a 
primitive region of which p are at infinity, then these last p infinities are expo- 
nential infinities of/(z) in a primitive region while the other n — p are poles. 

§19. It follows from the new definitions that a circular function of the first 
order assumes the values of its characteristic limits only once in a primitive region. 
In fact, if a be the period of such a function, we have by formula (15) 

f( z ) = mu o> + n 
pu„ + q ' 

Let f and / 2 be the characteristic limits of f(z) in the positive (u a = 0) and 
respectively negative («„ = o>) direction. Then 

j. n j. m 

A- — i /— — ' 

We will first assume that p and q are not equal to zero. Then 

to* C,(.)-/j = «-»{*£, 



M,,=0 



which proves the proposition. If, on the other hand, q = or p = , the 

C 
function f(z) takes one or the other of the two forms : G -\ or Cu„ + C. In 

K 
either case the proposition becomes obvious. 

If we take into account the remark made in §17, namely, that a circular 
function of the first order assumes the values of its characteristic limits within a 
primitive region only at these limits, then the proposition of this paragraph may 
be enunciated in the form of the following 

Theorem. — A circular function of the first order assumes every assignable 
value only once in a primitive region. 
33 
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§20. Let f{z) be a circular function admitting the period a, and let in a 
primitive region a 1( a 2 , . . . . , a p be its vanishing points of the respective orders 

of multiplicity \, 1% , \; (3 1} (3 2 , . . . . , /? g its poles of the respective 

orders (z lt (i 2 , . . . . , (i q ; moreover, let the characteristic limits of /(a) be finite 

P Q 

and =£0. Then (§15) *$*\ = ^y K == n, n being the order of the circular 

i i 

function. 

Let 6 (z) be a circular function of the first order admitting the period a and 

which is finite and :£ in the finite portion of a primitive region. Then the 

function 

e m - [A (g) ~ g fa)T' ^ («) - (aj£ ....[6(z)-6 (qJh , * 



[0 (*) - 030]"* [B (a) ~ ^ (ft)?' ....[d{z)-d (0,)]". 

is a circular function with the period o, whose vanishing points and poles are the 
same and of the same respective orders of multiplicity as those of f{z). More- 
over, the characteristic limits of @(z) are finite and =f= 0, 

e _ [- e (a.m [- ^ fa)?- .... [- e (a,)]* 

a ~ [-((^"[-•W • • • • D-0(/W 

Hence (Theorem I, §14) 

f(z)=G®(z), (19)' 

i. e. the function f (z) is a rational function of Q(z). The degree of the numerator 
in (19) is equal to that of the denominator and to n, i. e. to the order of the 
function f{z) . This fact is due to the condition that the characteristic limits of 
f(z) be finite and :£ 0. 

Let us now consider any circular function of the n th order. We can always 
find two numbers A and B such that the characteristic limits of the circular 
function of the n th order 

be finite and =£0 (§16). Then, as has been just proved, F(z) is a rational func- 
tion of the circular function of the first order (z) , 

F(z) - a + ^(») + o[g(«)]'+--"+y[g(g)]" 
U a' + b'd (z) + d [0 (z)f + ....+ g> [0 («)]• ' 



Chessin: On the Analytic Theory of Circular Functions. 243 

in which a, a', g, g' are all =£0, and therefore /(s) is again a rational function of 
d(z), namely, 

, M _ « 1 + ft 1 e(*) + •...+g 1 [0(z)] n 

/{) - a 2 + b z 0(z) +.... + g 2 l6(z)Y' 

where at least one of the coefficients a x and a 2 and at least one of the coefficients 
g x and g % are =£ 0, because otherwise the order of the function f(z) would be 
less than n. 

We have seen (§16) that every circular function of the first order can be 
expressed in form of a linear fractional function of any other circular function of 
the first order. Hence this 

Theorem. — Every circular function of the n th order f(z) can be represented as 
a rational function of any assigned circular function of the first order ty (z) 

/ W - yqrfy (g ) + .... + 9 ' ft (»)]- » ^ 

where at least one of the coefficients a and a' and one of the coefficients g and g 1 are 

The coefficients g and g' cannot both vanish, because then f(z) would be a 
circular function of the order n — 1 at the most. For a similar reason a and a' 
cannot both vanish, because otherwise we could cancel the common factor $ (z) 
in the numerator and in the denominator of the expression (20), and then the 
order of f(z) would be again n — 1 at the most. 

Corollary. — Circular functions admit an algebraic addition theorem. 
In fact let us put q> (z) = u M in (20), then 

where P(u u ) and Q(uS) are polynomials in «„,. If we denote $ (t) by v„ we 
shall have in a similar way 

/ ( o=!!], (2or 



f(z + t) = P^{. (20) 



III 
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Eliminating u m and v M between the three equations (20)', (20)", (20)'", we obtain 
an expression of the form 

n/oo, /(*),/(* + *)i=o, 

where F denotes an algebraic function. Q. b. d. 

§21. Let us take again <p(z) ==«„ in formula (20). According as a ^ or 
a' ^= we have the two forms : 

f(„\ — a o + a i u <» + <h u l + 4- <y€ /oia 

JK) ~ K< + K + i< +1 + ....+ \< ' ^ l) 

f(?\ — a X + a K +iK +1 + + a P < /«o\ 

/{) -b +b lU „ + b z ul + ....+b i ul' K ] 

where at least one of the numbers p or q is equal to n, i. e. to the order of the 
circular function /(a). 

A first result of these expressions is that if a characteristic limit of a circular 
function is infinite (or zero), then the function has an exponential infinity (or an expo- 
nential zero) of some order at this limit. In fact, according as p>q or p<q, 
formulas (21) and (22) show that 









and according as we have the form (21) or the form (22), 



[form (21)] lim [</(*)] =^{%l ■. 



U w =0 



[fam<W>] lta[Zg>] =^|* 



»<o=0 



The order of the exponential infinity or of the exponential zero in the negative 
direction is always \p — q\, the order of the exponential infinity or of the 
exponential zero in the positive direction always x. If p>q, then the charac- 
teristic limit in the negative direction is an exponential infinity (of the order 
p — q), and if p<Cq then it is an exponential zero (of the order q — p). When 
the function /(g) has the form (21) then the characteristic limit in the positive 
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direction is an exponential infinity (of the order x), and if f(z) has the form (22) 
then this characteristic limit is an exponential zero (of the order x) . 

If one of the characteristic limits of f(z) is to be finite and =£ 0, we must 
have either p = q = n (if the finite characteristic limit is in the negative direc- 
tion) or x = (if it is to be in the positive direction), and if both characteristic 
limits are to be finite we must have 

p = q = n; x= 0, 

and we thus obtain again the theorem expressed by the equation (19)' (§20). 

The vanishing points and poles of f{z) in a primitive region are given respec- 
tively by the equations 

rform(21)l ! a o + «A, +---+«X = °> 

Tform (22)1 i°" + ""^ + * * * * + "*"*"" = °' 
L V JJ Uo + M. +....+ b q ul = 0. 

To each root of these equations corresponds one determinate point in a primitive 
region. Hence we have in the first case p vanishing points and q — x poles ; in 
the second, p — x vanishing points and q poles. Combining these results with 
those obtained with regard to the exponential infinities and zeros, we shall have, 
if p i> q (then p — n), 

re („,n f p vanishing points. 

[form (21)1 \ r ° r ...... 

yq — x poles ; (p — q) + x exponential infinities. 

rf (9<2Y\ \P — x van ^ s ^ m g P oin ts ; x exponential zeros. 
\q poles ; p — q exponential infinities, 

and if p < q (then q-=.n), 

Tf f9i W \P vanishing points ; q — p exponential zeros. 
\q — x poles ; x exponential infinities. 

Tf - f 99Y1 \P — % van i snm g points ; x + (q — p) exponential zeros. 
L orm ( )} ^ ^^ 

This table shows that in all cases the circular function f(z) of the n th order vanishes 
as many times as it becomes infinite in a primitive region, namely, n times. 
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More generally, we can now enunciate the following 

Theorem. — A circular fanction of the n th order assumes any arbitrarily assigned 
value exactly n times in a primitive region. 

Indeed to prove this theorem we only need to consider the function 
<£ (a) =/(z) — N where N is any arbitrarily assigned number, and to apply to 
the function <£> (z) the results previously obtained. 

Remark. — If f(z) is finite and =fc in the finite portion of a primitive 

region, then it has the form 

f{z)=Ou£\ 

as can be readily seen from the formulas (21) and (22). 

§22. Let us put in evidence the vanishing points and poles of f(z) in a 

primitive region. Let a 1( a 2 , a p be the vanishing points and l x , /L g , \ 

their respective orders; /2j, @ % , . . . . , (3 q the poles and (j. lt (i 3 , . . . . , (i q their 
respective orders, in a primitive region of f(z) . We will denote the value of u M 
at a vanishing point a K by v K and at a pole {3 K by w K . Then both forms (21) and 
(22) of the function /(z) will be contained in the formula 

f( z \ — on v K ~ ^i) A ' K — V2Y 1 K — VpY" ( 23) 

where v may be a positive or negative integer or zero.* 
Let us put 

p= v +S^-2"^- (24) 

1 i 

Then, according as p>0 or p< 0, the characteristic limit of f(z) in the negative 
direction (u M = 00) will be an exponential infinity or an exponential zero, the 
order of multiplicity being always equal to | p | . And according as v > or 
^<^0, the characteristic limit of/(z) in the positive direction (u a = 0) will be an 
exponential zero or an exponential infinity, the order of multiplicity being 
always equal to | v \ . 

If we differentiate the log of (23) with respect to s, we obtain 

f'{z)_1%i\ _» Ku a _«, fl K U M I (2g x 

f(z) 6) I ZdU a — v K 2au m — w K y 
v ' 1 1 

*It will be noticed that the function (28) is a circular function when v is any rational number, but v 
must be an integer or zero if the period of /(«) is to be a. If we had v =. — , where k and s are integers 
and the fraction is irreducible, then the period of/ (a) would be so. 
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and making z tend to infinity in the negative, respectively positive direction 

,™L/7a)J *> P ' .™L/( g )J a r 



a= „^/(2)J 6) r ' ^ =00 L/( a ). 



A first result from these formulas is that the function f (z), which is evidently 
simply periodic like f(z), tends to a determinate limit when z tends to infinity 
in a fixed direction while remaining in a primitive region. Hence (§10) this 

Theorem I. — The derivative f'(z) of a circular function f{z) admitting the 
period a is also a circular function having the same period. 

We have seen that when a characteristic limit of a circular function is finite 
and =f= , then p = (if it is the characteristic limit in the negative direction) 
or v = (if it is the characteristic limit in the positive direction), and that 
p = v= if both characteristic limits of /(a) are finite and ^=0. Hence, by 
(26), we have the 

Theorem II. — When a characteristic limit of a circular function f(z) is finite 
and =£ , then the corresponding* characteristic limit of the derivative function f (z) 
vanishes, i. e. it is an exponential zero. 

This exponential zero is, in general, of the first order, but it may be of an 
order higher than the first. In fact formula (25) gives according as / 8 (charac- 
teristic limit of f(z) in the negative direction) or f (characteristic limit in the 
positive direction) is finite and =f= , 



A=t= 

(P = 0) 



f*\=j=<» 



(" = 0) 

In the first case we have 



f (z) _ 27W'fVj. Vg« yi ^ W « [ 

f(z) a lY«.-»« 7H.-M.) 
i\4=0 / r (g)_2WJy r Ku„ _y /i K u a | 

yi l=£«> f(z) G>\^U„—V K 4fU m -wS 



lim [/' («) uj] = ~fA 5X v m -2> K to. f . 



u, = °° 



*i. e. in the same direction. 
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In the second, 

« =0 

v g v „ 4 

Hence, provided that ^a, K ^ ^V^w^ or that ^~- =£ 2)— , the correspond- 

1 1 1 V « 1 '^ 

ing characteristic limit of/' (z) will be an exponential zero of the first order. But 

if in the first case 2yi K v K = **£u K w K or if in the second 'V— - =2" ' * nen ^ e 

corresponding characteristic limit of/' (z) will be an exponential zero of an order 
higher than the first. That it will in all cases be an exponential zero of a certain 
order follows from the fact that/' (z) is a circular function (§21). 

Suppose now that one of the characteristic limits of /(z) is not finite and 
=j= 0. Then either p =£ or v =£ 0. Formulas (26) show that in this case the 
corresponding characteristic limit of /' (z) is an exponential infinity or an expo- 
nential zero, according as the characteristic limit of /(z) is infinite or zero ; 
moreover, the order of multiplicity of the infinity or zero is the same for the 
function and for its derivative. Hence this 

Theorem III. — If a characteristic limit of a circular function is an exponential 
infinity (or an exponential zero) of an order m , then the corresponding character- 
istic limit of the derivative function is also an exponential infinity (or an exponen- 
tial zero) of the same order m . 

§23. The last theorem enables us to determine the order of the derivative 
function /' (z) given the order n of the function /(z) and the number q of its 

distinct poles in a primitive region. In fact, let & , (3 2 , ($ q be the poles of 

/(z) in a primitive region and (i x , ^ 2 , ^ their respective orders of multi- 
plicity. Let also (i and fi' be the respective orders of the exponential infinities 
of/(z) in the positive and in the negative direction. 

Each pole (3 t of f(z) is a pole of the order fi t + 1 of the derivative function 
/'(z). And the characteristic limits of /'(z) are exponential infinities of the 
orders (i and p' respectively. The function /' (z) has no other infinities in the 

i 
same primitive region. Hence it becomes infinite exactly V^ K + <u -f- fi' -f- q times 

i 
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in a primitive region. But ^jt K + u + fi' = n , hence the order of/' (g) is w + q . 

1 
We have thus the 

Theorem. — If q denote the number of distinct poles of a circular function f(z) 
of the n th order in a primitive region, then ilie order of the derivative function f (z) 
is n + q . 

§24. Meray's Theorem.* — If the two characteristic limits f and f of a circidar 
function f(z) are finite, then the sum of its residues with respect to points in a primi- 
tive region is equal to 

° F (/.-/l). 



2m 



where as before f x is the characteristic limit in the positive direction (u m = 0) . 

Let us take two points a and & on a line L K _ X and their congruents on the 
line L K as on the figure of §15. It is readily seen that the positive direction of 
the line L K _ X is that from b to a. If then we take the points a and b sufficiently 
far from the origin of the plane we shall have 

\f(z)-f 1 \<e (27) 

for all the points on the line ad, and 

!/(*)-/• |<e (28) 

for those of the line bb'. 

Now, we know that the sum of the residues of f{z) with respect to all points 

within the parallelogram (abb'a') is equal to the integral 



/= sJ>M* 



taken along the boundary of this parallelogram in the positive direction, which 
is obviously opposed to the positive direction of the line L. We then have 

2niJ= ff(z) dz +ff(z) dz + ff(z) dz + ff(z) dz. 

*Op. cit. vol. I, p. 274. I have given this theorem in my lectures on the Theory of Functions at the 
Johns Hopkins University in 1895 before the appearance of the second volume of M. Meray's treatise. 

34 
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The first and the third of the integrals on the right-hand side of this equation 
evidently cancel each other. At the same time we have, by (27) and (28), 



/v 
f{z)dz — af % 

Jf*a' 
/(a)<fo — cj/i 
SI 






and therefore if we let the points a and b tend to infinity in the positive, respec- 
tively negative direction, we obtain in the limit 

2niJ= o (/ 2 — /i) . Q. e. D. 

§25. Theorem. — Given a circular function f(z) of the n th order and with the 
period a, let A and B be any two numbers other than the characteristic limits off(z) ; 

if Oj, a a , . . . . , a n and b x , b 2 , b n be respectively the roots of the equations 

f(z) — A andf(z) = B in a primitive region, we shall have 

Let us first assume that/ and/ 2 are finite, and let G be any number other than 
/i and/ a . Consider the integral 

i r zf(z) d 

2nd f(z)—G 

taken along the boundary of the same parallelogram as in the preceding para- 
graph. The path of integration being broken into four parts as before, we see 
first of all that 

J a /(8) _ G dz + J b . /(») -G dz -J. /(,) - G dz l 755 - G dz 

= -vffto* = _ „ ig \m=*\ ± *»». 

^a f(z) — G ° L/ (a) — C-l 

As to the remaining two integrals, they vanish separately, when a and b tend to 
infinity in the positive, respectively negative direction. In fact, the character- 
istic limits of/' (z) being exponential zeros (§22), it is clear that 

Urn [a/ (a)] = 0; lim \_zf (*)] = , 

= 00 2! =00 

« M =0 « w =w 
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therefore, provided the points a and b are sufficiently far from the origin, we 
shall have 

if («) ^ E 

for all points on the lines aa' and bb', and the two integrals 



a ' ffi») *.. r &(») 






,dz 



f(z)-C-> <>„ /(.)-<T 
vanish in the limit. Hence in the limit 

taSJ J{$=c ' dz ~Wi : log \j^rcJ ±xo - 

On the other hand, we know that the integral on the left-hand side of the last 
equation is equal to 

i i 

where c lt c 3 , . . . . , c n are the roots of the equation /(a) = in a primitive 
region and (3 lt /3 2 , /?« the poles of/ (2) in the same region. Hence 






Vi 

Suppose now that one or both of the characteristic limits of / (2) may be 
infinite. Let then A and B be numbers other than f and / g , and consider the 
circular function of the n th order 

9(z) 



/«-^ 



whose characteristic limits are finite. The poles of <?> (2) in a primitive region 
are the roots of the equation f(z) = A in the same region, i. e. the points 

ana,, a,; and the roots of the equation <|> (2) = ^ j are the roots of 

the equation/ (2) = 5, i. e. the points b v b 2 , . . . . , b n . Then by the proposition 
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just proved 

n n 

2 a --S J -=^3 log 



/i — a b — a\. , v 

^i— — S- (mod. o) 

[f=A~B~=A J 



= ° W ( -^~~ B )(/* ~ A ) (mod crt 
Q. ■• »•) - 2^ l0g OV^x^^B) (m ° d - tt) 

Corollary I. — If the characteristic limits of a circular function are equal to 
each other, then 

n n 

2o,= 2 ft « (mod. o). 

i i 

The case when both characteristic limits are infinite is here included. 

Corollary II. — If only one of the characteristic limits of f(z) is infinite and 
the other be denoted by f, then 



S a * — S h * = =*= ss log (/^) t mod - ») ( 3 °) 

£Ae upper or lower sign to be taken according as Urn f (z) = o° m tfAe positive or in 

S=co 

tfAe negative direction. 



§26. Let us now put /(a)=£, where £ is a variable quantity, and let 

2-p 2 2 , z„ be the roots of this equation. These roots are functions of £. 

By formula (29) 

2 z « = 55 log (fizf ) + constant > 

provided ^^=/i or / 2 . If we differentiate this formula with respect to £, we 
obtain 

dz„ 



2i dz^ _ 6) j 1 11 



But -~ being one of the values of -^— corresponding to the value of £, we have 
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Hence this 

Theorem. — Given a circular function of the n th order f(z) with the period a, 

let z u z 2 , z n be the points in a primitive region at which the function assumes 

the same value £ ^= f x or f % , then 

S7K) == 2^{/T^T~ t A=?J- (31) 

Corollary. — If the characteristic limits of the function f(z) are equal to each 
other or infinite, then 

n 

z lf z z , . . . . , z n being the points in a primitive region at which the function f(z) 
assumes the same value other than the value of the characteristic limits. 

§27. Theorem. — If two circular functions f(z) and <p(z) have the same period, 
then they are connected by an algebraic equation. 

In fact, these functions can be presented in the form of rational functions of 
u m , i. e. (§20), 

The elimination of u m between the equations (32), (33) gives an irreducible alge- 
braic equation of the form 

*• (/(*), *(«)) = 0, (34) 

which proves the theorem. The degree of this equation is, in general, n mf(z) 
and m in q>(z) , if m and n are the orders of the circular functions f{z) and <p (z) 
respectively.* This follows at once from the process of elimination, but there is 

*Let 

f( ^. _ « + «!«». + + apuZ, . . c^n _ a& +q{w M + .... + «' . 

■ M '-6 + 6 1 w„ + + b q Wj ?K '~b' + b[ua, + + V q ,u%' 

where at least one of the numbers p or q is = m ; and at least one of the numbers p' or q r is =: n . If, 
then, we put for the sake of brevity 
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another way of arriving to this result. To each value of <p (z) correspond within 
a primitive region n points, and in the whole plane an infinity of points, which 
may be all classified into n groups, each point of a group being congruent with 
any other point of the same group. To each of these groups corresponds a 
single value of /(z). Hence to each value of <f> (z) correspond n values of f(z). 
Likewise to each value of /(s) correspond m values of <?>(z). In general these 
n values of /(z), respectively the m values of <|> (z) will be distinct, and there- 
fore the irreducible equation will in general be of the degree n in/(z) and of the 
degree m in (p (z) . But the degrees of the irreducible equation in /(z) and q> (z) 
will be lesser if to several groups of points z always corresponds only one 
value of/(z) or q> (z). It can be readily shown that in such cases the degrees of 

fl 77? 

the irreducible equation in f(z) and ^> (z) are %= ^ and m 1 = -j^ respectively, 
where D is a common divisor of the numbers n and in* and is equal to the 



the result of the elimination of iu> between the two given equations may be written as follows : 







Vi 
Vo 



X 

Vn- 







Vo 



Vn 



= 0. 



(34)' 



The letters x , . . . , as. enter only in the first n lines of this determinant of the [m+ n) th order ; 
the letters y , . . . , y n only in the last m lines. Therefore this determinant is of the degree n in the 
function / (z) and of the degree m in the function <j> (z) . The equation (34)' being only another form of 
equation (34), it is clear that the latter will be of the degrees n and m in/(z) and <j> (z) respectively. 

To operate the elimination it will, in general, be necessary to add the following m + n — 3 equa- 
tions 

KlQ(u»)f(z) — P (w„)] =0, 
k=1, 2, . . . , n— 1 

K [Q, («»)*(*0 —-Pi (u»)]=0, 
it = l, 2, . . . , m — 1. 

to the equations (32) and (33), in which case we obtain equation (34)' as the result of the elimination. 
But in particular cases the number of subsidiary equations necessary to operate the elimination may be 
less than m + w — 2. Then the degree of the equation (34) in f(z) and <j> {z) may be less than n and m 
respectively. 

* See Meray, op. cit. vol. II, p. 359. 
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number of groups of points z which always correspond to the same value of/(z) 
or <p (z) . 

Corollary. — Every circular function f (z) of the n th order is connected with its 
derivative function f (z) by an algebraic equation (§22, Theorem I). The degree of 
this equation is n in f (z) and n + q in f(z), q being the number of distinct poles 
of f(z) in a primitive region (§23). 

§28. Let us for the sake of brevity write w for/(z); w 1 for f (z); and W for 
any polynomial in w. Then we may write the irreducible algebraic equation 
connecting the circular function f(z) with its derivative as follows: 

W w ,n + TPi«/« - 1 h + W n _!«/ + W n = (35) 

where at least one of the polynomials W , W x , . . . . , W n is of the degree n + q . 
First of all it is clear that W = constant, because otherwise the equation W = 
would determine points such that at these points w' = 00 while w is finite, which 
is impossible. We may therefore assume that W = 1 . Further, provided 
w ^/i or /si we have 

T^ 27«» l/ 2 — w f — w) 



This follows from the relation 



W n . 



n -1 n 1 

i = —V — = _ V __L 



W n ^ w' K ^f (z K ) 

and from formula (31). 

§29. Without going into a detailed study of the problem of inversion, the 
solution of the following particular cases will be given here. 

Problem I. — Find all circular functions of the first order. 
Equation (35) becomes in this case either 

w'— c(w — a)(w — ft) (37) 

when g'= 1 {the characteristic limits of w are finite); or 

w' = aw + b (38) 

when q = (one of the characteristic limits of w is infinite). 
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All circular functions of the first order are therefore the inverse of the 
functions defined by the integrals 

z =r — ^ — -m; ,=/•_*» +0 . (89) 

«/ c(w — a)(w — p) J aw + b 

The moduli of periodicity a of these integrals (which are the periods of the 
inverse functions) are, as easily verified, 

2ni %ni 

e (a — p) a 

respectively. The functions w are then 

w=f(z)=, a - A ^ z , (40) 

1 — Ae " 

*!* z 

w = <p(z) — Ae a +B (41) 

respectively. The characteristic limits of the circular function /(a) are 

/i = a; /, = 0, 

and those of the function 4> (z) 

If we put a = i ; /3 = — i ; c =1 in (37), then f(z) is the inverse of the integral 

/dw 
uJ+1' 

which may be taken as the definition of the function tg z. In this case formula 
(40) takes the form 

w=/(a) = A tg (1L z + s) + G, (42) 

and therefore we may say that the functions e s and tg z are the two types of the 
circular functions of the first order. All such functions are comprised in one or 
the other of the forms (41) and (42). 

Problem II. — Find all circular functions of the second order whose character- 
istic limits are infinite. 
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In this case n== 2; q = 0, and taking into consideration that by formula 
(36) TP"x= 0, equation (35) reduces to 

Hence all circular functions of the second order with infinite characteristic 
limits are the inverse of the functions defined by the integral 

dw 



f 



s/a -\-bw -\- cw 2. 



(43) 



If we put here b = 0; a = 1 ; c = — 1 , we may take this for the definition of 
the function sin z. Then all the inverse of the function defined by the integral 
(43) will be comprised in the general formula 

w =f(z) = A sin (-^* z + #) + G. (44) 

Remark. — It will be noticed that the characteristic limits of a circular 
function are the essentially singular points of the inverse function. 

§30. To conclude, we will give some general propositions with regard to 
circular functions of the second order to show their analogy with elliptic func- 
tions of the second order. 

Theorem I. — Let f(z) be a circular function of the second order whose charac- 
teristic limits are equal to each other and to the number N. If ' y x , y 2 oe ihe points 
in a primitive region at which f(z) assumes the same value T =f= N, then 

A»)=f(Yi + Yt — *)• (45) 

For we have in this case z x + 33=71 +<y % (mod. a), where %, 3 2 are the points 
in a primitiveregion at which the function assumes the same value /(g) (§25, 
Corollary I), and therefore /(%) =/(%) = f{y x + y% — %), where z x may be any 
point. 

Corollary. — If we take for the origin of the plane a point \ (j/j + y 2 ), then the 
function of Theorem I will be an even function, i. e. /( — z) = f(z) . 

Theorem II. — If N=fc &>, then the function of Theorem I has two distinct poles 
Pi > $2 of the first order or one pole (3 of the second order in a primitive region. In 
the first case f (z) is a circular function of the fourth order having two exponential 
35 
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zeros of the first order and two vanishing points of the first order in a primitive 
region, namely, the points 4 (/Sj +&) , \ {@i +@ 2 + a) ; in the second case f (a) is of 
the third order and has two exponential zeros of the first order and one vanishing 
point of the first order in a primitive region, namely, the point (3 + \ o . 

Theorem III. — If N= <», then the function of Theorem I has no poks in a 
primitive region, and f (z) is also a circular function of the second order. 

Let then a^ and a 2 he the vanishing points of /(a) in a primitive region. The 
vanishing points of f (a) in a primitive region will be the points \ (a t + a a ) and 
\ ((*! + a 8 + o) . 

The last two propositions follow from the equation 

f (*)=-/' (yi + n-z) 

obtained by differentiation from the equation (45). 
November 1, 1896. 



